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 
Abstract—Transmission systems are under stress and need to 
be upgraded. Better utilization of the existing grid provides a fast 
and cheap alternative to building new transmission. One way to 
improve the utilization of the transmission network is power flow 
control via flexible AC transmission system (FACTS) devices. 
While FACTS devices are used today, the utilization of these 
devices is limited; traditional dispatch models (e.g., security con-
strained economic dispatch) assume a fixed, static transmission 
grid even though it is rather flexible. The primary barrier is the 
complexity that is added to the power flow problem. The mathe-
matical representation of the DC optimal power flow, with the 
added modeling of FACTS devices, is a nonlinear program 
(NLP). This paper presents a method to convert this NLP into a 
mixed-integer linear program (MILP). The MILP is reformulat-
ed as a two-stage linear program, which enforces the same sign 
for the voltage angle differences for the lines equipped with 
FACTS. While this approximation does not guarantee optimality, 
more than 98% of the presented empirical results, based on the 
IEEE 118 bus and Polish system, achieved global optimality. In 
the case of suboptimal solutions, the savings were still significant 
and the solution time was dramatically reduced.  
 
Index Terms--FACTS devices, linear programming, power 
generation dispatch, power generation economics, power system 
economics, power transmission economics, transfer capability, 
transmission topology optimization. 
NOMENCLATURE 
Sets 
𝐺  Set of generators. 
𝑔 Index of generators, 𝑔 ∈ 𝐺. 
𝑔(𝑛) Set of generators connected to node n. 
𝐾 Set of all transmission elements, line or transformer. 
𝑘 Index of transmission element, 𝑘 ∈ 𝐾. 
𝐾 Set of transmission lines equipped with FACTS, 
𝐾 ⊂ 𝐾. 
𝑘 Index of lines equipped with FACTS, 𝑘 ∈ 𝐾 ⊂ 𝐾. 
𝐾 Set of transmission elements not equipped with 
FACTS, 𝐾 ⊂ 𝐾. 
𝑘 Index of transmission elements not equipped with 
FACTS, 𝑘 ∈ 𝐾 ⊂ 𝐾. 
𝑁 Set of nodes. 
𝑛 Index for buses, 𝑛 ∈ 𝑁. 
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𝑛(𝑔) Node location of generator 𝑔. 
𝜎+(𝑛) Set of lines specified as to node 𝑛. 
𝜎−(𝑛) Set of lines specified as from node 𝑛. 
Parameters 
𝐵𝑘 Electrical susceptance of transmission element 𝑘. 
𝑋𝑘 Electrical reactance of transmission element 𝑘. 
𝑐𝑔 Marginal cost of generator 𝑔 ($/MWh). 
𝑑𝑛 Demand at bus n. 
𝑃𝑔
𝑚𝑎𝑥 Maximum output of generator 𝑔. 
𝑃𝑔
𝑚𝑖𝑛 Minimum output of generator 𝑔. 
𝐹𝑘
𝑚𝑎𝑥  Capacity of transmission line 𝑘. 
𝐵
𝑘
𝑚𝑎𝑥  Maximum susceptance of line 𝑘 equipped with 
FACTS. 
𝐵
𝑘
𝑚𝑖𝑛 Minimum susceptance of line 𝑘 equipped with 
FACTS. 
𝑧𝑘
0 Binary variable indicating the sign of voltage angle 
difference on line 𝑘 in the initial dispatch with no 
FACTS. 
𝑁𝐹𝐴𝐶𝑇𝑆 Maximum number of FACTS devices in allocation 
problem. 
 
Variables 
𝑃𝑔 Real power output variable for generator 𝑔. 
𝐹𝑘 Real power flow through line 𝑘. 
𝜃𝑛 Voltage angle at node 𝑛. 
𝐵𝑘  Susceptance of line 𝑘 equipped with FACTS. 
𝑧𝑘  Binary variable indicating the sign of voltage angle 
difference on line 𝑘 equipped with FACTS. 
𝑥𝑘  Binary variable in FACTS allocation problem, indicat-
ing whether line 𝑘 is equipped with FACTS or not. 
I.  INTRODUCTION 
HE US electricity industry has an annual revenue that 
reaches into the hundreds of billions of dollars; efficient 
operation of the electric power grid is, therefore, para-
mount [1]. Transmission bottlenecks are one particular source 
of system inefficiency. The transmission network in the US is 
under stress and needs to be upgraded [2]-[3]. One challenge 
to this problem is the long process required to site new trans-
mission due to a variety of concerns, including not in my 
backyard (NIMBY). More efficient utilization of the existing 
network is a much faster alternative and, while it cannot re-
place the need for new transmission, it is substantially cheaper 
and can significantly delay the need for new transmission. 
Furthermore, it is obvious that the system should be utilized to 
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its full capability as opposed to being under-utilized. Such a 
call for studying alternative solutions for transmission upgrade 
projects is also identified by the Federal Energy Regulatory 
Commission (FERC) order 1000 [4].  
The electric power grid is one of the largest and most com-
plex engineered systems to date [5]. The Advanced Research 
Projects Agency – Energy (ARPA-E) Green Electricity Net-
work Integration (GENI) initiative invested over $30M in both 
new transmission hardware, as well as software that enhances 
utilization of hardware, to improve the ability to control the 
flow of power across the grid. Such power flow control can be 
achieved with transmission switching [6]-[9], phase shifters, 
and adjusting lines’ reactances using flexible AC transmission 
systems (FACTS) devices [10]-[11]. Previous research has 
shown that transmission switching (TS) can reduce operational 
costs [6], [7], [12], improve reliability [13], and improve the 
management of intermittent resources such as wind and solar 
[14]. Transmission switching can also be used as a corrective 
action in contingency analysis packages [15]-[17]. The main 
challenges facing transmission switching are computational 
complexity [18], ensuring AC feasibility [19], and ensuring 
the stability of the switching action itself [20].  
Continuous adjustment of the line’s reactance aims at 
achieving the same goals with less concern regarding the sta-
bility of the system. Inclusion of FACTS adjustments in DC 
optimal power flow (DCOPF), a linear program (LP) itself, 
makes the problem a non-linear program (NLP), which is 
computationally intense like the TS problem.  This paper con-
tributes to the existing literature by proposing a reformulation 
of the NLP problem along with a decomposition of the prob-
lem, which constructs a fast two-stage LP. 
Some types of series FACTS enable significant adjustment 
of a line’s reactance [21]-[22]. In this paper, the term 
“FACTS” is loosely used to refer to those devices, e.g., uni-
fied power flow controllers (UPFC) and thyristor controlled 
series compensators (TCSC). The formulation presented in 
this paper is also applicable to the unconventional FACTS 
technology such as Smart Wire Grid device [23].  
A study by the US Department of Energy acknowledges the 
benefits of FACTS devices and their role for improved opera-
tion in the smart grid [24]. With power flow control, power 
can be rerouted to lines that are not congested in an attempt to 
avoid transmission bottlenecks. The transfer capability is, 
thus, enhanced to allow for cheaper resources (e.g., renewa-
bles) to be dispatched to reduce operational costs. The deliver-
ability of reserves is also enhanced, enabling an improvement 
in reliability [25]-[28]. It is estimated that FACTS devices 
could increase the transfer capability over the existing trans-
mission lines by fifty percent [29].  
FACTS devices are already a part of our transmission net-
work. ISO-NE has thirteen installed and three planned FACTS 
in its territory [30]. Five EPRI-sponsored FACTS devices are 
currently operating in AEP’s territory (Kentucky), BPA (Or-
egon), CSW (Texas), TVA (Tennessee), and NYPA (New 
York) [31]. In PJM, Primary Power LCC is developing the 
Grid Plus project, which involves installation of several 
FACTS devices. The project aims at increasing the transfer 
capability from west to east, reducing congestion, and im-
proving system stability [32].  
Previous research has shown that FACTS devices are bene-
ficial in loop flow cancellation [33]-[34], help reduce cost and 
improve reliability [35]-[36], and enhance the benefits of de-
mand response [37]. Although the benefits of FACTS devices 
are known [38], the industry does not change FACTS devices’ 
set-points frequently. Recent research has addressed this prob-
lem and proposed different methods to overcome it: (i) inclu-
sion of a price signal [39], (ii) transmission bidding in a com-
plete real-time market [40], and (iii) compensation based on 
market value [41]-[42]. However, the main problem, which is 
computational difficulty, has not been properly addressed. 
Reference [43] aims at addressing the computational com-
plexity challenge by proposing a regression-based model to 
improve the transfer capability. However, [43] suffers from 
natural shortcomings of statistical models and would only 
produce reasonable solutions when the system operates near 
the historical states. A formal optimization based formulation 
would provide better insights into the problem and avoid the 
natural limitations of statistical models. 
As mentioned before, the problem representing optimal ad-
justment of FACTS setting is an NLP. NLPs are computa-
tionally intense and may not converge in the limited time 
available. This paper presents a method to reformulate this 
NLP into a mixed-integer linear program (MILP), with binary 
variables representing the signs of the voltage angle differ-
ences over the lines equipped with FACTS. If the adjustments 
made by FACTS devices (to the line’s impedance) do not 
change the nature of a line’s reactance, from inductive to ca-
pacitive or vice versa, the voltage angle difference sign is still 
an indicator for the direction of the line’s flow. Note that such 
change in the nature of a line’s reactance would involve an 
adjustment of more than 100% in the reactance of the line. 
Such is not likely to happen due to a variety of reasons includ-
ing stability concerns. Assuming that optimal adjustment of 
FACTS devices will not change those voltage angle difference 
signs, the MILP can be solved only for the particular branch 
and bound node of the problem, representing those signs from 
the original dispatch. Thus, as long as the FACTS device ad-
justments do not cause a change in the direction of the lines’ 
flows, for the lines equipped with FACTS devices, the prob-
lem can be solved as an LP instead of a MILP. This will make 
the problem a two-stage LP where, in the first stage, an initial 
DCOPF is solved without consideration of FACTS devices. At 
the second stage, the FACTS devices are modeled while en-
forcing the same voltage angle difference signs as the original 
dispatch, for the lines with FACTS. The mathematical repre-
sentations of both stages are LPs. This reformulation signifi-
cantly reduces the computational burden of the problem, 
thereby making the integration of FACTS operation in securi-
ty constrained economic dispatch (SCED) an immediate prac-
tical possibility. Note that there is no guarantee that the meth-
od converges to the globally optimal solution, unless of course 
the original MILP formulation is later solved. The globally 
optimal solution may be in another node of the MILP, with at 
least one change in the sign of the voltage angle difference for 
one line equipped with FACTS. However, our two-stage linear 
method will find a solution with a cost lower or equal to the 
original dispatch much faster than the original MILP.  
Note that obtaining significant cost savings with little add-
ed computational burden is more important than achieving 
global optimality as global optimality is not achieved today. 
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Accomplishing such a task provides an innovative and near-
term practical solution. To achieve this result, we illustrate one 
very important insight regarding this assumption that the sign 
of the angle difference will not change. This assumption states 
that the direction of the flow will not change, assuming that 
FACTS adjustments will not change the nature of a line’s re-
actance. The most beneficial location to place such FACTS 
are generally on key transmission bottlenecks. Given the na-
ture of the power grid where power flows from remote bulk 
power facilities to key load centers, there are many key trans-
mission elements where the direction of the flow is rather pre-
dictable (for heavily meshed networks, this may be less the 
case). We contend that the accuracy of this assumption is high 
based on two observations: (i) the placement of these FACTS 
devices should be on key transmission lines and (ii) the ability 
to predict the direction of flow (period by period) should be 
high. Finally, our results support this conjecture and in more 
than 98% of the simulation studies presented in this paper, our 
method was able to find the globally optimal solution, which 
was confirmed by solving the full MILP. While there is no 
guarantee, the strength in this approach does not disappear: a 
fast algorithm that determines FACTS settings very quickly. 
The simulation studies on the IEEE 118 bus system show that 
the co-optimization of FACTS setting, alongside generation 
dispatch, would lead to significant cost savings and improved 
transfer capability.  
The rest of this paper is structured as follows: Section II in-
cludes the basic non-linear formulation and the method to re-
formulate the problem. Section III presents the simulation 
studies on the IEEE 118 bus system. Some remarks regarding 
the future work and next steps are pointed out in Section IV. 
Finally, Section V concludes the paper. 
II.  PROBLEM FORMULATION AND REFORMULATION 
Optimal power flow (OPF) is the essential part of market 
solvers for any power system. OPF, in its original form, is a 
nonlinear and non-convex problem. In existing markets, linear 
approximations of the OPF problems are used instead of the 
more complex nonlinear formulation due to the limited com-
putational time, market transparency issues, and market pric-
ing issues. Adjustments to this solution, to ensure AC feasibil-
ity, are made out-of-market [44]. For a system where genera-
tors have constant marginal costs, (1)-(5) present the DCOPF 
problem:  
𝑚𝑖𝑛 ∑ 𝑐𝑔𝑃𝑔𝑔  (1) 
𝑃𝑔
𝑚𝑖𝑛 ≤ 𝑃𝑔 ≤ 𝑃𝑔
𝑚𝑎𝑥  ∀𝑔 (2) 
−𝐹k
max ≤ 𝐹k ≤ 𝐹k
max ∀𝑘 (3) 
𝐹k − 𝐵𝑘(𝜃𝑛 − 𝜃𝑚) = 0 ∀𝑘 (4) 
∑ 𝐹𝑘𝑘∈𝜎+(𝑛) − ∑ 𝐹𝑘𝑘∈𝜎−(𝑛) + ∑ 𝑃𝑔𝑔∈𝑔(𝑛) = 𝑑𝑛 ∀𝑛 (5) 
Terms n and m in (4) are the “to” and “from” nodes of line 
k respectively. Since, both the objective function and the con-
straints are linear, the DCOPF is an LP. FACTS devices ena-
ble adjustment of lines’ susceptances, thereby making the term 
Bk in (4) a variable instead of a parameter. Therefore, replac-
ing (4) with (6)-(8) would include optimal adjustment of 
FACTS devices in the DCOPF problem. Note that Bk is a var-
iable in the optimization problem. 
𝐹𝑘 − 𝐵𝑘(𝜃𝑛 − 𝜃𝑚) = 0 ∀𝑘 (6) 
𝐹𝑘 − 𝐵𝑘(𝜃𝑛 − 𝜃𝑚) = 0 ∀𝑘 (7) 
𝐵
𝑘
𝑚𝑖𝑛 ≤ 𝐵𝑘 ≤ 𝐵𝑘
𝑚𝑎𝑥 ∀𝑘 (8) 
 Equation (7) is a non-linear constraint, because it includes 
the multiplication of 𝜃 and 𝐵𝑘. Thus, the subsequent DCOPF 
becomes an NLP. However, (7)-(8) can be rewritten as linear 
inequality constraints, without the loss of generality, depend-
ing on the sign of the voltage angle difference. 
if  (𝜃𝑛 − 𝜃𝑚) ≥ 0 : 
𝐵
𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) ≤ 𝐹𝑘 ≤ 𝐵𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) ∀𝑘 (9) 
if  (𝜃𝑛 − 𝜃𝑚) ≤ 0 : 
𝐵
𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) ≤ 𝐹𝑘 ≤ 𝐵𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) ∀𝑘 (10) 
 For a positive angle difference (𝜃𝑛 − 𝜃𝑚), the lower and 
higher limits on susceptance would also impose the lower and 
higher limits on the power flow. However, for negative angle 
difference, the lower suceptance limit would impose the high-
er limit on the power flow and vice versa. The “if conditions” 
in (9)-(10) can be modeled with binary variables, making the 
problem a mixed-integer nonlinear program (MINLP): 
((1 − 𝑧𝑘)𝐵𝑘
𝑚𝑖𝑛 + 𝑧𝑘𝐵𝑘
𝑚𝑎𝑥) (𝜃𝑛 − 𝜃𝑚) ≥ 𝐹𝑘 ∀𝑘 (11) 
((1 − 𝑧𝑘)𝐵𝑘
𝑚𝑎𝑥 + 𝑧𝑘𝐵𝑘
𝑚𝑖𝑛) (𝜃𝑛 − 𝜃𝑚) ≤ 𝐹𝑘 ∀𝑘 (12) 
(1 − 𝑧𝑘)𝜃𝑚 + 𝑧𝑘𝜃𝑛 ≥ (1 − 𝑧𝑘)𝜃𝑛 + 𝑧𝑘𝜃𝑚 ∀𝑘 (13) 
𝑧𝑘 ∈ {0,1}  (14) 
 Positive voltage angle difference enforces 𝑧𝑘 to take 1 as its 
value, while negative voltage angle difference sets 𝑧𝑘 to 0. 
The problem then can be reformulated to a MILP, using a big 
M reformulation: 
𝑧𝑘𝐵𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) − (1 − 𝑧𝑘)𝑀 ≤ 𝐹𝑘 ∀𝑘 (15) 
(1 − 𝑧𝑘)𝐵𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) − 𝑧𝑘𝑀 ≤ 𝐹𝑘 ∀𝑘 (16) 
𝑧𝑘𝐵𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) + (1 − 𝑧𝑘)𝑀 ≥ 𝐹𝑘 ∀𝑘 (17) 
(1 − 𝑧𝑘)𝐵𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) + 𝑧𝑘𝑀 ≥ 𝐹𝑘 ∀𝑘 (18) 
𝜃𝑛 + (1 − 𝑧𝑘)𝑀 ≥ 𝜃𝑚 ∀𝑘 (19) 
𝜃𝑚 + 𝑧𝑘𝑀 ≥ 𝜃𝑛 ∀𝑘 (20) 
𝑧𝑘 ∈ {0,1}  (21) 
𝑀 ≫ 𝑀𝑎𝑥{𝐹𝑘 + 𝐵𝑘(𝜃𝑚 − 𝜃𝑛)}  (22) 
If the directions were known (i.e., the variable zk in (15)-
(21) was fixed), the complexity of the problem would reduce 
to an LP, which can then be solved efficiently for large scale 
real power systems.  
Although, it is not possible to know the direction of each 
line flow before solving the OPF, the mathematical structure 
of this formulation can be exploited. There are many lines for 
which the operators know the direction of the power flow, 
e.g., main import lines to urban areas as well as major tie 
lines. Particularly, a two-stage solver can be implemented to 
first solve the linear DCOPF without FACTS, (1)-(5), and 
initialize the direction of the power flows for the second stage. 
Then, the second stage enforces the power flows on the lines 
equipped with FACTS to be at their initial direction and solves 
another LP (1)-(3), (5)-(6), (15)-(22) to find the optimal ad-
justment of the FACTS devices. This process is shown in Fig. 
 4 
1. Since FACTS devices are often installed on major transmis-
sion lines, it is not expected that the power flow on such lines 
change direction. 
 
Fig. 1. The two-stage LP-based algorithm for enhanced operation of FACTS 
devices. 
The initial dispatch is a feasible solution for the second 
stage problem. Thus, the two-stage method presented in this 
paper always finds a solution with a cost less than or equal to 
the cost of the initial dispatch. This solution may or may not 
be globally optimal. When solving the full MILP formulation, 
if the signs for the voltage angle differences, for the lines 
equipped with FACTS, are the same as the signs for the solu-
tion from the two-stage LP approach, this confirms the solu-
tion from the two-stage LP approach is optimal. While, in the-
ory, the flows can change direction after adjustment of 
FACTS settings, it is highly unlikely that this happens on the 
lines equipped with FACTS devices. The reason is that im-
proving transfer capability would often involve rerouting the 
flow from congested lines to alternative parallel paths that are 
not congested. Reversing the power flow direction would re-
verse the flow direction for the parallel paths as well, which is 
highly unlikely. Thus, instead of reversing the power flows, it 
is expected to see more flows on the parallel paths to the con-
gested lines in the same direction. 
III.  SIMULATION STUDIES 
In this section, the method explained in Section II is applied 
to IEEE 118 bus system and a large-scale Polish system.  
A.  IEEE 118-Bus System 
The test case data are taken from [45], with additional data 
and modifications according to [46]. The full test case dataset 
can be obtained from [47]. With this dataset, the results of 
optimal transmission switching (OTS) [6] can be replicated. 
Fig. 2 shows the total cost when up to 20 lines are allowed to 
be switched. The total cost of dispatch for the system with no 
adjustment to the transmission system is $2,074. With a trans-
portation model of the transmission network, the dispatch cost 
would go down to $1,303, which for this particular test case is 
also equal to the cost obtained from economic dispatch 
(transmission-less model). Therefore, the total potential sav-
ings would be $771, the difference between the two costs. The 
transportation model of the transmission network only consid-
ers the capacity limits and ignores the power flow constraints 
(4). Note that the dispatch cost obtained from a transportation 
model would be the lowest cost that can be achieved, assum-
ing full power flow control, without building new lines. Some 
research has adopted economic dispatch cost (ignoring the 
transmission network altogether) as a basis for calculating the 
savings [48]. However, the cost associated to the capacity lim-
its cannot be lifted with transmission switching or FACTS 
adjustments. The only part of the transmission related costs 
that can be avoided by harnessing transmission flexibility 
(OTS or FACTS utilization) is the portion associated with the 
power flow constraints. Therefore, in this paper, the savings 
are compared to the transportation network solution. Fig. 2 
shows that with 20 transmission switching actions, 67% of the 
possible savings is achieved. 
Fig. 3 shows the total cost when up to 40 FACTS devices 
are allowed in the system. The figure shows how the dispatch 
cost decreases as more FACTS devices are allowed to be used. 
The figure also shows the relationship between cost and 
FACTS capacity (how much a FACTS device can change the 
reactance of a line). The location of the devices is picked 
based on the linear method presented in the previous section to 
maximize the savings. Note that the number of FACTS al-
lowed does not necessarily equal the number of FACTS that is 
actually used. The graph shows that the cost reduction is more 
significant for the first few FACTS and then the cost curves 
saturate. Such effect is more noticeable when the FACTS ca-
pacity is larger. In fact, for the case with 70% and 90% capac-
ity, only 24 and 11 devices would be needed to achieve the 
maximum saving. That is equivalent to 100% savings leading 
to a dispatch cost close to $1,303.  
 
Fig. 2.  Total cost using optimal transmission switching (OTS) 
for IEEE 118 bus system with up to 20 allowed switching ac-
tions.  
The formulation presented in the previous section aims at 
enhanced adjustment of FACTS set point in the operational 
SCED, assuming their location is fixed. However, note that we 
first solve a FACTS placement investment problem, for the 
results shown in Fig. 3 and Tables I-III, to ensure the devices 
are placed at reasonable locations. 
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TABLE I 
SOLUTION PROPERTIES UNDER DIFFERENT SCENARIOS FOR IEEE 118 BUS SYSTEM 
  Base 
Case 
Transport. 
Model 
OTS  
(36) 
FACTS Capacity 
2% 5% 10% 20% 30% 50% 70% 90% 
# of FACTS Utilized -- -- -- 13 29 27 31 23 31 24 11 
# of Congested Lines 2 68 4 2 2 3 5 5 6 7 6 
Cost ($/h) 2074.4 1303.3 1557.8 2015.7 1887.4 1684.9 1502.2 1454.3 1335.2 1306.0 1303.3 
Savings (%) 0 100 67 8 24 51 74 80 96 100 100 
 
 
Fig. 3. Total cost with up to 40 FACTS devices at different capacity levels 
placed optimally in the IEEE 118 bus system.  
The mathematical program to determine the optimal alloca-
tion of FACTS devices is even more computationally intense, 
because it involves additional binary variables indicating 
whether a line should be equipped with FACTS. This is anoth-
er area where the method developed in this paper finds its ap-
plication to deal with even more challenging problems with 
additional non-convexities. The mathematical representation 
of the allocation problem, with the linear approximation de-
veloped in section II, is shown in (23)-(38). Note that the line-
ar approximation is used only in the power flow part of the 
problem and not in the allocation part of the problem. Before 
solving (23)-(38), first, a DCOPF is solved to identify the sign 
of voltage angle differences for all lines (zk
0). Subsequently, 
assuming the same signs for the lines equipped with FACTS, 
the allocation problem is solved. Therefore, zk
0 is a parameter 
and not a variable. xk takes a value of 1 to indicate that a vari-
able impedance FACTS device should be installed on line k, 
and zero otherwise. Note that, this is a FACTS siting problem 
formulation that only considers the operational cost assuming 
a fixed predetermined number of FACTS devices ready for 
installation. Thus, the FACTS capital cost in (23)-(38) is a 
sunk cost and does not go into the objective function. In a 
more advanced siting problem, the savings calculated in (23)-
(38) compared to a business as usual case with no FACTS 
devices should be aggregated and discounted over the lifetime 
of the devices. This discounted value should be compared with 
the required capital cost of FACTS devices in a net present 
value type of a calculation to not only optimize FACTS loca-
tion but also optimize the number of such devices.  
𝑚𝑖𝑛 ∑ 𝑐𝑔𝑃𝑔𝑔  (23) 
𝑃𝑔
𝑚𝑖𝑛 ≤ 𝑃𝑔 ≤ 𝑃𝑔
𝑚𝑎𝑥  ∀𝑔 (24) 
−𝐹k
max ≤ 𝐹k ≤ 𝐹k
max ∀𝑘 (25) 
∑ 𝐹𝑘𝑘∈𝜎+(𝑛) − ∑ 𝐹𝑘𝑘∈𝜎−(𝑛) + ∑ 𝑃𝑔𝑔∈𝑔(𝑛) = 𝑑𝑛 ∀𝑛 (26) 
(1 − 𝑥𝑘)(𝐹𝑘 − 𝐵𝑘(𝜃𝑛 − 𝜃𝑚)) = 0 ∀𝑘 (27) 
𝑥𝑘(𝐹𝑘 − 𝐵𝑘(𝜃𝑛 − 𝜃𝑚)) = 0 ∀𝑘 (28) 
𝑥𝑘𝐵𝑘
𝑚𝑖𝑛 ≤ 𝑥𝑘𝐵𝑘 ≤ 𝑥𝑘𝐵𝑘
𝑚𝑎𝑥  ∀k (29) 
𝑥𝑘(𝑧𝑘
0𝐵𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) − (1 − 𝑧𝑘
0)𝑀) ≤ 𝑥𝑘𝐹𝑘 ∀𝑘 (30) 
𝑥𝑘 ((1 − 𝑧𝑘)𝐵𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) − 𝑧𝑘
0𝑀) ≤ 𝑥𝑘𝐹𝑘  ∀𝑘 (31) 
𝑥𝑘(𝑧𝑘
0𝐵𝑘
𝑚𝑎𝑥(𝜃𝑛 − 𝜃𝑚) + (1 − 𝑧𝑘
0)𝑀) ≥ 𝑥𝑘𝐹𝑘 ∀𝑘 (32) 
𝑥𝑘 ((1 − 𝑧𝑘
0)𝐵𝑘
𝑚𝑖𝑛(𝜃𝑛 − 𝜃𝑚) + 𝑧𝑘
0𝑀) ≥ 𝑥𝑘𝐹𝑘  ∀𝑘 (33) 
𝑥𝑘(𝜃𝑛 + (1 − 𝑧𝑘
0)𝑀) ≥ 𝑥𝑘𝜃𝑚 ∀𝑘 (34) 
𝑥𝑘(𝜃𝑚 + 𝑧𝑘
0𝑀) ≥ 𝑥𝑘𝜃𝑛 ∀𝑘 (35) 
𝑥𝑘 ∈ {0,1} ∀𝑘 (36) 
∑ 𝑥𝑘 ≤𝑘 𝑁𝐹𝐴𝐶𝑇𝑆   (37) 
𝑀 ≫ 𝑀𝑎𝑥{𝐹𝑘 + 𝐵𝑘(𝜃𝑚 − 𝜃𝑛)}  (38) 
In order to achieve a solution in a reasonable time, relative-
ly large optimality gaps (3% for the cases with less than 10 
allowable FACTS and 6% for the cases with more than 10 
allowable FACTS) were picked; such optimality gaps are only 
used for the placement (investment) problem and not the oper-
ational SCED model. Note that, as can be seen by Fig. 3, the 
curves are not monotonically decreasing, which occurs due to 
the optimality gaps.  
Fig. 3 presents 320 simulation studies. All of these cases 
were also simulated using the original MILP formulation. For 
all but two of the cases shown in Fig. 3 our two-stage LP for-
mulation was able to find the exact same solution as the global 
optimal solution found by MILP. This means that the optimal 
solution to the original MILP ((1)-(3), (5)-(6), (15)-(22)), is 
the node representing the initial power flow directions for the 
lines equipped with FACTS for 318 out of 320 cases presented 
in Fig. 3. Such results confirm the intuitive engineering per-
spective presented earlier in the paper: it is not likely that the 
power flow on lines, which have FACTS installed on them, 
change direction. For the two cases that the linear proxy de-
veloped in section II was not able to find the global optimal 
solution, the cost difference was 0.02% and, thus, the linear 
model was able to find a near optimal solution. Our method 
took on average 20 milliseconds for each simulation, while the 
MILP formulation took on average 529 milliseconds. Thus, 
our method is 26 times faster than the MILP formulation for 
IEEE 118 bus system. While both solution times are small, it 
is very important to note that the scalability of this two-stage 
LP approach is by far better than such MILPs with disjunctive 
constraints; thus, even better speed-ups in solution time would 
be expected for large-scale systems where the solution times 
will be much longer. As expected, the simulations also con-
firmed that the computational time for MILP is sensitive to the 
number of FACTS devices in the system, while the computa-
tional time for our two-stage LP formulation is robust and 
scales well. 
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Table I summarizes the properties of the solutions under 
different scenarios. The scenarios include (i) a base case with 
no FACTS or switching, (ii) OTS, which represents the best 
possible solution attainable via transmission switching, and 
(iii) eight scenarios with different capacities for FACTS de-
vices. The optimal transmission switching solution is obtained 
with 36 switching actions and it achieves 67% of the potential 
savings that a transportation model would otherwise achieve. 
Table I shows that, for the scenarios with 20% or larger 
FACTS capacity, the flexibility provided by FACTS can result 
in larger cost savings than OTS. Moreover, with larger 
FACTS, significant savings can be achieved with only few 
devices.  
Table II shows the generation dispatch for the base case, 
the transportation network, OTS, and four scenarios with 
FACTS devices. The table also includes cost information for 
the generators. Generators 9, 10, 15, 18, and 19 are the five 
units that experience changes in their dispatch due to the mod-
ifications to the transmission system. Generator 10 is one of 
the cheaper generators that does not produce energy in the 
base case, due to the transmission limits. Both transmission 
switching and FACTS provide transfer capabilities that would 
allow this generator to produce and replace the more expen-
sive generators 15, 18, and 19. The number of FACTS devices 
used for the scenarios presented in Table II is consistent with 
the results shown in Table I. 
TABLE II 
GENERATION DISPATCH (MW) FOR THE SOLUTIONS UNDER DIFFERENT 
SCENARIOS 
 Base 
Case 
Transport. 
Model 
OTS  
(36) 
FACTS Capacity 
30% 50% 70% 90% 
Gen 1 550 550 550 550 550 550 550 
Gen 2 0 0 0 0 0 0 0 
Gen 3 263 320 320 320 320 320 320 
Gen 4 414 414 414 414 414 414 414 
Gen 5 0 0 0 0 0 0 0 
Gen 6 0 0 0 0 0 0 0 
Gen 7 304 304 304 304 304 304 304 
Gen 8 0 0 0 0 0 0 0 
Gen 9 0 0 0 0 0 150 0 
Gen 10 0 214 68 107 191 63 214 
Gen 11 491 491 491 491 491 491 491 
Gen 12 492 492 492 492 492 492 492 
Gen 13 805 805 805 805 805 805 805 
Gen 14 577 577 577 577 577 577 577 
Gen 15 72 0 11 0 0 0 0 
Gen 16 0 0 0 0 0 0 0 
Gen 17 352 352 352 352 352 352 352 
Gen 18 140 0 134 107 23 0 0 
Gen 19 59 0 0 0 0 0 0 
Table III shows the optimal placement of FACTS as well as 
the FACTS capacity under the two scenarios with higher per-
missible capacities. The table also shows lines’ loadings as a 
percentage of their capacities in the original dispatch without 
FACTS devices. The reactances of the lines that were heavily 
loaded were often increased to reroute the power flow to other 
paths. Consequently, the reactances of the lines that were less 
heavily loaded were decreased to increase the flow. However, 
there are cases with opposite adjustments and it is not straight-
forward to guess the direction of FACTS adjustment in 
meshed transmission networks. This is exactly why algorithms 
like the one presented in this paper are needed. 
To ensure that the method is robust against the placement of 
the FACTS devices, various other factors are considered to 
determine the FACTS locations. Many factors, such as long-
term load patterns and fuel prices, play a role in the FACTS 
planning problem. In order to show the effectiveness of our 
method, several scenarios for which the location of the devices 
is chosen based on other factors (e.g., reactance, line utiliza-
tion, and capacity) are simulated. Tables IV to VII show the 
cost and savings as a percentage of the maximum possible 
savings (transportation model) using our two-stage linear 
method. The FACTS devices are located on the lines with 
highest reactance for the results shown in Table IV. The table 
presents the cost and savings when 5, 10, 15, and 20 devices 
are installed in the system. Our method took an average of 18 
milliseconds, while MILP took an average of 822 milliseconds 
for each of the simulations.  
TABLE III 
PERCENTAGE CHANGE IN THE REACTANCE OF THE LINES UNDER 
DIFFERENT SCENARIOS 
Line 
Loading 
(%) 
FACTS Ca-
pacity (%) Line 
Loading 
(%) 
FACTS Ca-
pacity (%) 
70% 90% 70% 90% 
21-22 22% 70 - 69-75 33% -70 - 
23-24 28% -70 - 69-77 97% - 28 
23-25 50% -70 - 70-74 18% -70 - 
24-70 9% -70 -90 70-75 14% - -90 
27-28 18% 70 - 75-77 9% -70 -89 
30-17 39% -70 - 76-77 9% - 90 
38-37 36% -70 - 77-82 100% 70 82 
38-65 18% -70 - 80-96 55% -30 - 
49-66 27% - -84 80-98 43% -64 - 
49-69 22% 70 - 80-99 39% - -57 
54-59 6% -70 - 81-80 72% 52 90 
56-59 6% -70 - 82-83 82% 70 - 
65-66 26% 70 - 85-88 45% -70 - 
68-81 72% - 90 89-92 100% 34 - 
69-70 24% -25 - 91-92 46% -70 -77 
Table V presents the same results for the case where the 
FACTS devices are installed on the lines with lowest reac-
tances. The savings achieved by this placement policy are -
small. Our method took on average 17 milliseconds for each 
simulation, while MIP took on average 378 milliseconds. For 
27 out of 32 cases presented in Table V, our algorithm was 
able to find the global optimal solution. For the five cases 
where the algorithm found a sub-optimal solution, the average 
distance to the global optimal solution was $0.47/h and the 
maximum distance was $1.5. Table VI presents the cost and 
saving for the situation where the FACTS devices are placed 
on the lines with higher utilization. This case achieves the 
most savings among the four placement policies simulated for 
IEEE 118 bus system in this paper. The results show that only 
few mid-size FACTS devices can result in significant savings. 
The average computational time for our two-stage LP method 
was 18 milliseconds, while MIP took on average 326 millisec-
onds to find the solution.  
Similar results are shown in Table VII for the case where 
FACTS devices are located on the lines with larger capacities. 
The number of devices installed in this case is 2, 3, 8, and 27. 
For all but one of the cases presented in this table, our algo-
rithm was able to find the global optimal solution. The average 
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computational time for the two-stage LP was 18 milliseconds, 
while MILP took an average of 272 milliseconds to find the 
solution.  
TABLE IV 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH LARGER REACTANCES 
 
FACTS 
Cap.  
Number of FACTS devices 
5 10 15 20 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
2% 2074 0% 2074 0% 2074 0% 2072 0% 
5% 2074 0% 2074 0% 2074 0% 2069 1% 
10% 2074 0% 2073 0% 2073 0% 2064 1% 
20% 2073 0% 2071 0% 2071 0% 2052 3% 
30% 2072 0% 2069 1% 2069 1% 2037 5% 
50% 2069 1% 2063 1% 2063 1% 1998 10% 
70% 2063 1% 2054 3% 2056 2% 1954 16% 
90% 2052 3% 2051 3% 2051 3% 1914 21% 
TABLE V 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH SMALLER REACTANCE  
FACTS 
Cap. 
Number of FACTS devices 
5 10 15 20 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
2% 2074 0% 2074 0% 2074 0% 2074 0% 
5% 2074 0% 2074 0% 2073 0% 2073 0% 
10% 2074 0% 2074 0% 2071 0% 2071 0% 
20% 2074 0% 2073 0% 2068 1% 2068 1% 
30% 2074 0% 2072 0% 2065 1% 2065 1% 
50% 2074 0% 2071 0% 2059 2% 2059 2% 
70% 2074 0% 2069 1% 2052 3% 2052 3% 
90% 2074 0% 2067 1% 2045 4% 2045 4% 
TABLE VI 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH HIGHER UTILIZATION   
FACTS 
Cap. 
Number of FACTS devices 
5 10 15 20 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
2% 2047 4% 2043 4% 2032 5% 2028 6% 
5% 2005 9% 1995 10% 1967 14% 1957 15% 
10% 1935 18% 1915 21% 1857 28% 1834 31% 
20% 1796 36% 1753 42% 1660 54% 1637 57% 
30% 1669 53% 1647 55% 1590 63% 1580 64% 
50% 1567 66% 1521 72% 1521 72% 1499 75% 
70% 1566 66% 1502 74% 1501 74% 1474 78% 
90% 1566 66% 1485 76% 1484 77% 1450 81% 
TABLE VII 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH HIGHER CAPACITY  
FACT
S 
Cap. 
Number of FACTS devices 
>1.1 GVA (2) >880 MVA 
(3) 
>660 MVA 
(8) 
>440 MVA 
(27) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
Cost 
($/h) 
Savings 
(%) 
2% 2074 0% 2074 0% 2071 0% 2067 1% 
5% 2074 0% 2074 0% 2065 1% 2057 2% 
10% 2074 0% 2074 0% 2055 2% 2039 5% 
20% 2074 0% 2074 0% 2036 5% 2003 9% 
30% 2074 0% 2074 0% 2015 8% 1967 14% 
50% 2074 0% 2074 0% 1972 13% 1892 24% 
70% 2074 0% 2074 0% 1926 19% 1815 34% 
90% 2074 0% 2074 0% 1876 26% 1768 40% 
Tables IV-VII include 128 simulated cases. For all but six 
of these cases, the solution obtained by our two-stage LP 
method was equivalent to the solution obtained by MILP; such 
empirical evidence suggests that this technique is highly likely 
to obtain the optimal solution. Again, this confirms the insight 
that was presented in the introduction: it is unlikely that key 
transmission bottlenecks would have a reverse in the power 
flow direction as a result of the optimal FACTS operation. For 
the cases, where the solution obtained by our method was 
suboptimal, it was within a very small epsilon distance from 
the optimal solution.  
B.  Polish System – Winter 2000 Morning Peak 
The test case data is taken from [49]-[50]. The system con-
sists of 2383 buses, 2896 transmission lines, and 327 genera-
tors. The difference between the cost obtained by DCOPF and 
transportation model is $30,886, which is the maximum sav-
ings that can be achieved via flow control technologies. Table 
VIII shows the savings for the case, where different size 
FACTS devices are installed on the lines with larger reactanc-
es. The average solution time for our two-stage LP method 
was 569 ms with a standard deviation of 39 ms, while average 
solution time for MILP formulation was 2783 ms with a 
standard deviation of 1254 ms. Table IX shows the same re-
sults for the case that FACTS devices are installed on the lines 
that are more heavily utilized. The average solution time for 
our two-stage LP method was 526 ms with a standard devia-
tion of 34 ms, while the average solution time for MILP for-
mulation was 2331 ms with a standard deviation of 996 ms. 
For all the 64 simulation studies on the Polish system, our 
two-stage LP algorithm was able to find the global optimal 
solution. The results confirm the effectiveness of our method 
both in its capability to find quality solutions and computa-
tional time reduction. 
TABLE VIII 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH LARGER REACTANCES 
FACTS 
Cap.  
Number of FACTS devices 
5 10 15 20 
($) (%) ($)  (%)  ($)  (%)  ($) (%) 
2% 136 0 184 1 224 1 253 1 
5% 344 1 463 2 559 2 632 2 
10% 702 2 930 3 1123 4 1270 4 
20% 1466 5 1894 6 2214 7 2512 8 
30% 2312 7 2909 9 3406 11 3870 13 
50% 4410 14 5426 18 6067 20 6897 22 
70% 7046 23 7833 25 9191 30 9895 32 
90% 8977 29 9326 30 11289 37 11941 39 
TABLE IX 
COST REDUCTION COMPARED TO THE TRANSPORTATION NETWORK IF THE 
FACTS DEVICES ARE INSTALLED ON THE LINES WITH HIGHER UTILIZATION 
FACTS 
Cap.  
Number of FACTS devices 
5 10 15 20 
 ($)  (%)  ($)  (%)  ($)  (%)  ($)  (%) 
2% 280 1 955 3 1438 5 1563 5 
5% 701 2 2411 8 3615 12 3921 13 
10% 1403 5 4771 15 6858 22 7425 24 
20% 2813 9 8362 27 11631 38 12777 41 
30% 4212 14 11528 37 16534 54 17925 58 
50% 5769 19 18262 59 20967 68 22769 74 
70% 7227 23 21371 69 22569 73 24777 80 
90% 8898 29 22482 73 23388 76 25325 82 
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IV.  FUTURE WORK AND NEXT STEPS 
Previous sections showed the effectiveness of a two-stage 
LP method for enhanced operation of FACTS devices. The 
paper aimed at serving as the proof of concept in a DC model 
with a relatively small test case. Although the results are 
promising, the following steps would be necessary to confirm 
the effectiveness of the method under more realistic set of 
assumptions: 
 AC feasibility: AC feasibility of FACTS adjustments 
should be studied and confirmed before the solution 
can be implemented. In order to do that, further re-
search is needed to include an AC model to check 
the solutions coming out of a DCOPF. Currently, AC 
feasibility is checked for and achieved via out-of-
market adjustments [44]. Thus, depending on the ap-
plication, the check or modification to the FACTS 
set point can also be done out-of-market to ensure 
AC feasibility. 
 Stability: Similar to AC feasibility, the adjustment to 
the FACTS settings should be checked for dynamic 
stability before it can be implemented. 
 Reliability: The results shown in this paper were not 
necessarily N-1 reliable. In order to ensure reliabil-
ity, a security assessment can be conducted to deter-
mine if the solutions are reliable and, if not, the 
SCED can be re-solved with appropriate cuts repre-
senting the post-contingency violations. Similar to 
transmission switching, FACTS devices can reduce 
the cost and improve reliability at the same time. 
Moreover, changing FACTS setting can be seen as a 
corrective instrument to ensure reliability. For in-
stance, ongoing work is focused on incorporating 
this approach within real-time contingency analysis 
in order to use FACTS devices for corrective actions. 
 Test on large-scale systems: Although the results 
were promising for the IEEE 118 bus and the Polish 
system, the method should be tested on larger-scale 
systems to obtain better understanding of its perfor-
mance in real world applications. More testing on 
large-scale systems will further demonstrate the ben-
efit of this approach in regards to scalability.  
 Impacts of reactance control on current markets and 
operational procedures: Changing the lines’ reac-
tances would influence other markets such as finan-
cial transmission rights (FTR) markets. Transmission 
switching has been shown to cause revenue inade-
quacy in FTR markets [51]. Similar studies are need-
ed for FACTS devices. FACTS adjustments would 
also affect the settings of protection relays as well as 
affect state estimation. Therefore, the FACTS set-
tings should be incorporated into state estimation and 
protection systems should be adjusted when substan-
tial changes in the line impedance occur. These im-
pacts need to be studied in detail. One potential solu-
tion regarding protection systems is to use setting-
less protection systems. 
This paper only showed the reformulation of FACTS set-
ting adjustment to a two-stage LP for economic benefits. In 
order to exploit the full benefits of this method, further re-
search is needed: 
 Inclusion of FACTS in different stages of the market: 
the flexibility that FACTS offers can be used at all 
stages of the market. Particularly, it should be in-
cluded in day-ahead SCUC. FACTS settings can also 
be adjusted in hour-ahead and real-time markets for 
reliability and cost saving purposes. 
 FACTS adjustment as a corrective instrument: The 
flexibility that FACTS devices offer can be used as 
corrective actions in a post-contingency state to en-
hance deliverability of reserve. The two-stage LP 
formulation can provide fast corrective options for 
the operator in real time.  
 AC model: The formulation provided in this paper 
was based on a DCOPF. As was stated previously in 
this paper, most of the market procedures today are 
done using a DC model. Therefore, economic adjust-
ment of FACTS settings in day-ahead and real-time 
markets based on a DC model seems to be consistent 
with the current practices of the industry. However, 
AC based modeling of FACTS adjustment is also 
valuable, e.g., for real-time contingency analysis 
where FACTS can be used to perform corrective ac-
tions.  
V.  CONCLUSIONS 
The transmission system in the US is under stress and 
needs to be upgraded. A cheaper and more efficient alternative 
to building new transmission lines would be better utilization 
of the current network. This paper showed how inclusion of 
reactance adjustment by FACTS devices in an OPF formula-
tion can support a lower cost solution. It was shown that such 
formulation would result in an NLP. The NLP was reformu-
lated to a MILP. Then, the MILP was converted to a two-stage 
LP. The solution to this two-stage LP is equivalent to the solu-
tion obtained by the original MILP, under the condition that 
the sign of voltage angle differences, on the lines equipped 
with FACTS, do not change in the optimal solution. The sim-
ulation studies show that the method was able to find the op-
timal solution for all but 8 out of 448 cases on IEEE 118 bus 
system, and all the 64 cases on the Polish system that were 
simulated in this paper. For the cases, where optimal solution 
was not found, the difference between the cost achieved by the 
two-stage LP method and the original MILP was very small. 
The method was able to find the solution much faster than the 
original MILP. Although there is no guarantee our two-stage 
LP always finds the optimal solution, significant savings could 
be achieved using the proxy linear formulation developed in 
this paper within a reasonable time. Further research is needed 
to improve the model and show its effective with more realis-
tic test cases. 
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